Abstract. We show that the n-homotopy category MENG n of connected (n+1)-dimensional Menger manifolds is isomorphic to the homotopy category HILBC n of connected Hilbert cube manifolds whose k-dimensional homotopy groups are trivial for each k ≥ n + 1.
Introduction
Developments of Menger and Hilbert cube manifold theories made it clear that at least from a certain point of view the n-dimensional Menger compactum µ n is an n-dimensional analog of the Hilbert cube Q. Indeed if one examines the corresponding characterization theorems [4] , [12] it becomes obvious that these two spaces µ n and Q can not be distinguished by means of n-dimensional "tests". Moreover several authors have noticed and emphasized strong similarities not only between the above mentioned spaces µ n and Q but even between the theories of Hilbert cube and Menger manifolds themselves (see [7] for comprehensive discussion of this topic as well as for a complete list of references). Almost every statement in one of these theories has a precise counterpart in the other. Analogy extends to the non-locally compact situation as well. Turns out that the universal n-dimensional Nöbeling space N 2n+1 n can be considered as the n-dimensional counterpart of the Hilbert space ℓ 2 (see [1] , [13] ). Typical differences between the infinite-and finite-dimensional theories seem to have disappeared here.
Below we present an attempt to explain this phenomenom by proving that for each n ≥ 0 the n-homotopy category of µ n+1 manifolds is isomorphic to the homotopy category of Q-manifolds whose k-dimensional homotopy groups are trivial for each k ≥ n + 1.
Preliminaries
We assume that the reader is familiar with the basics of Hilbert cube (space) manifolds theory (see, for instance, [5] , [3] ) as well as with the basics of Menger (Nöbeling) manifolds theory [4] , [7] . All spaces in these notes are separable and metrizable. Maps are assumed to be continuous. µ n denotes the ndimensional universal Menger compactum, N 2n+1 n denotes the n-dimensional universal Nöbeling space, Q denotes the Hilbert cube and the separable Hilbert space is denoted by ℓ 2 . Two maps f, g : X → Y are said to be n-homotopic n ≥ 0 (notation: f n ≃ g) if for any map h : Z → X, defined on an at most n-dimensional space Z, the compositions f • h and g • h are homotopic in the usual sense. The reader can find basic properties of n-homotopic maps in [14] , [2] , [7] , [9] .
By HILBC we denote the homotopy category of Hilbert cube manifolds. For each integer n ≥ 0 let HILBC n denote the subcategory of HILBC objects of which have trivial k-dimensional homotopy groups for each k ≥ n + 1. Let also MENG n stand for the n-homotopy category of connected (n + 1)-dimensional Menger manifolds.
Recall that the n-th Postnikov Functor
is defined as follows (see, for instance, [2, §4] ). For an at most (n+1)-dimensional connected CW -complex X we obtain a CW -complex P n (X) by killing k-dimensional homotopy groups for each k ≥ n + 1, i.e. we choose a CW -complex P n (X) such that (P n (X)) (n+1) = X and π k (P n (X)) = 0 for each k ≥ n + 1. Since π k (P n (Y )) = 0 for each k ≥ n + 1, it follows that any map f : X → Y between at most (n + 1)-dimensional connected CW -complexes admits an extension P n (f ) : P n (X) → P n (Y ). It can easily be shown that: ( * ) n P n (f ) ≃ P n (g) if and only if f n ≃ g.
Main Result
In this section we show that the categories MENG n and HILBC n are isomorphic. Here is a scheme used in the proof of Theorem 3.1 which allows us to produce (in a canonical way) a Hilbert cube manifold associated to a given (n + 1)-dimensional Menger manifold: Choose an at most (n + 1)-dimensional connected locally finite polyhedron K and a (proper) n-homotopy equivalence α : M → K (see [4, Proposition 5.1.3 and comment on page 103], [7, Proposition 4.1.10]). Let P n (K) denote a countable connected CW -complex obtained from K by killing k-dimensional homotopy groups of K for each k ≥ n+1. This means that P n (K) is a countable connected CW -complex such that P n (K) (n+1) = K and π k (P n (K)) = 0 for each k ≥ n + 1. By [14, Theorem 13] , there exists a homotopy equivalence γ : 
Let us show that the homotopy type [M n ([M] n )] is well defined, i.e. it does not depend on the choices of a Menger manifold M (within the n-homotopy type
and of a homotopy equivalence γ.
Indeed let M be an (n + 1)-dimensional Menger manifold and f : M → M be an n-homotopy equivalence. Let also K be a connected at most (n + 1)-dimensional locally finite polyhedron and α :M → K be an n-homotopy equivalence. Let P n ( K) denote a countable connected CW -complex obtained from K by killing all k-homotopy groups of K for each k ≥ n + 1 and let γ : P n ( K) → L n ( K) be a homotopy equivalence where L n (K) is a connected locally finite polyhedron. Our goal is to show that the Q-manifolds L n (K)×Q and L n ( K)×Q are homotopy equivalent.
Let g : M → M, β : K → M and β : K → M be n-homotopy inverses of the maps f , α and α respectively. Observe that
the homotopy inverses of γ and γ respectively and observe that
Similarly,
This shows that the composition
is a homotopy equivalence. Then the product
is also a homotopy equivalent as needed. This shows that the homotopy type [M n (M)] is well defined.
Morphisms. Let now M 1 and M 2 be two connected (n+1)-dimensional Menger manifolds and f : M 1 → M 2 be a map. We need to define the homotopy class M n ([f ] n ). As before let α i : M i → K i be an n-homotopy equivalence where K i is at most (n + 1)-dimensional locally compact polyhedron, i = 1, 2. Let
We let
be the homotopy class of the product map
Let us show that this definition is correct. Indeed let g :
As was noted earlier extensions
are homotopic. Consequently
as required. This completes the definition of the functor M n .
Next we show that M n is an isomorphism.
Step
Indeed, let X be a connected Q-manifold such that π k (X) = 0 for each k ≥ n + 1. By the triangulation theorem for Q-manifolds [5, Theorem 37.2], there exists a locally compact polyhedron P such that X is homeomorphic to the product P × Q. Since the projection π P : X = P × Q → P is a homotopy equivalence, it follows that π k (P ) = 0 for each k ≥ n + 1. Let K = P (n+1) . According to the resolution theorem for Menger manifolds [4, Theorem 5.1.8 and a comment on page 102] there exists an n-homotopy equivalence α : M → K, where M is a connected (n + 1)-dimensional Menger manifold. It easily follows from the construction of the functor
Step 2. M n | Ob(MENG n ) : Ob(MENG n ) → Ob(HILBC n ) is injective. Let M 1 and M 2 be two (n + 1)-dimensional Menger manifolds such that
According to the definition of the functor M n this means that there exist:
1. An n-homotopy equivalences α i : M i → K i , where K i is at most (n + 1)-dimensional locally compact polyhedron, i = 1, 2. 2. A homotopy equivalence γ i :
, where L n (K i ) is a connected locally finite polyhedron, i = 1, 2. 3. A homotopy equivalence r : :
is a homotopy equivalence (i = 1, 2), it follows that there exists a homotopy equivalence s :
is the homotopy inverse of γ 2 , is a homotopy equivalence. Without loss of generality we may assume that h P n (K 1 )
This defines a map f = h|K 1 :
It is easy to see that P n (f ) ≃ h and therefore, P n (f ) is a homotopy equivalence. This obviously implies that f is an n-homotopy equivalence. Finally the composition
where β 2 : K 2 → M 2 is the n-homotopy inverse of α 2 , is also an n-homotopy equivalence. This proves that [
Step 3. M n | Mor(MENG n ) : Mor(MENG n ) → Mor(HILBC n ) is surjective. Let G : X 1 → X 2 be a map between connected Q-manifolds such that π k (X i ) = 0 for each k ≥ n+ 1 and i = 1, 2. By the triangulation theorem for Q-manifolds, X i ≈ P i × Q, where P i is a connected locally compact polyhedron, i = 1, 2. Let j : P 1 → P 1 × Q denote a section of the projection π P 1 : P 1 × Q → P 1 . Observe that j is a homotopy equivalence. Let F = π P 2 • G • j : P 1 → P 2 , where π P 2 : P 2 ×Q → P 2 is the projection onto the first coordinate. Note also that G is homotopic to the product map F × id Q :
Without loss of generality we may assume that F P
for each i ≥ 1. Next consider (n + 1)-dimensional Menger manifolds M 1 and M 2 and n-homotopy
Step 4.
Choose an n-homotopy equivalence α i : M i → K i , where K i is at most (n + 1)-dimensional locally compact polyhedron, i = 1, 2. Let β 1 : K 1 → M 1 denote the n-homotopy inverse of α 1 . Also let γ i : P n (K i ) → L n (K i ) be a homotopy equivalence, i = 1, 2. Finally let δ 1 : L n (K 1 ) → P n (K 1 ) stands for the homotopy inverse of γ 1 .
According to our assumption the product maps Proof. In the light of Theorem 3.1 it suffices to show that the categories HILBC n and OPHILBC n as well as the categories MENG n and MENG n are isomorphic.
In order to define the functor A n : HILBC n → OPHILBC n recall [5, Corollary 16.3 ] that for any Q-manifold X the product X ×[0, 1) can be embedded into the Hilbert cube as an open subspace. Based on this observation we let
A straightforward verification shows that the functor A n is indeed an isomorphism.
In order to define the functor 
Let now f : M → N be a map between µ n+1 -manifolds. Since N − Ker n (N) is a Z-set in N, it follows that there is a map f ′ : M → Ker n (N) as close to f as we wish (considered as maps into N). In particular, we may assume [7, Proposition 4.1.6 ] that f ′ and f are n-homotopic (in N). Considerations similar to the argument used in the proof of [8, Theorem2.2] , [7, Theorem 4.4.7] guarantee that the n-homotopy class of the restriction
′ is uniquely defined by the n-homotopy class of f . This observation suffices to complete the definition of the functor B n by letting
The fact that the functor B n is an isomorphisms can be extracted directly from the above definition.
Another application of Theorem 3.1 deals with the categories OPNOBEL n and OPHILBS n . Objects of the category OPNOBEL n are topological types of connected open subspaces of the (n + 1)-dimensional Nöbeling space N 2n+3 n+1 ; morphisms of this category are n-homotopy types of continuous maps between its objects. Similarly objects of the category OPHILBS n are topological types of connected open subspaces of the Hilbert space ℓ 2 whose k-dimensional homotopy groups are trivial for each k ≥ n + 1; morphisms of this category are homotopy types of continuous maps between its objects. Proposition 3.3. The categories OPNOBEL n and OPHILBS n are isomorphic.
Proof. By Proposition 3.2, it suffices to show that the categories OPNOBEL n and OPMENG n as well as the categories OPHILBS n and OPHILBC n are isomorphic.
In order to define the functor C n : OPHILBS n → OPHILBC n we recall that the separable Hilbert space ℓ 2 can be embedded into the Hilbert cube Q in such a way that the complement Q − ℓ 2 forms a Z-skeletoid in Q [3] . Note that if S and T are homotopy equivalent open subspaces of the Hilbert cube Q, then the open subspaces U = S ∩ ℓ 2 and V = T ∩ ℓ 2 of ℓ 2 are also homotopy equivalent and according to [11] , [3, Theorem 7.3] are even topologically equivalent. This is the only non-trivial observation involved in the verification of the fact that the functor C n is an isomorphism.
We define functor D n : OPNOBEL n → OPMENG n similarly. First of all we note that the (n + 1)-dimensional universal Menger compactum µ n+1 also admits [9] a Z-skeletoid Σ n+1 such that its complement ν n+1 = µ n+1 − Σ n+1 is homeomorphic [10] , [7, Theorem 5.5.5 ] to the (n + 1)-dimensional universal Nöbeling space N 2n+3 n+1 . Now we proceed as above. We let 
